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We treat the propagation of nucleon in nuclear matter by evaluating the ensemble average of the
two-point function of nucleon currents in the framework of the chiral effective field theory. We first
derive the effective parameters of nucleon to one loop. The resulting formula for the effective mass
was known previously and gives an absurd value at normal nuclear density. We then modify it
following Weinberg’s method for the two-nucleon system in the effective theory. Our results for the
effective mass and the width of nucleon are compared with those in the literature.
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I. INTRODUCTION
Chiral perturbation theory is the effective theory of strong interactions, based only on the approximate chiral
symmetry of the QCD Lagrangian and its assumed spontaneous breaking. While this theory is eminently successful
in dealing with pionic processes [1, 2], and also to a great extent, with those of pions and a single nucleon [3], its
direct application to processes involving two or more nucleons is problematic [4]. As first pointed out by Weinberg [5],
the contribution of graphs for such processes grow with increasing number of loops, in gross violation to the power
counting rule. This failure of power counting is, of course, only to be expected, as precisely the sum over such (infinite
number of) loop graphs would give rise to the bound states, such as the deuteron and the virtual bound state in the
two nucleon system.
A better analysis of graphs can be made in the old fashioned perturbation theory [5]. Here it is the loop diagrams
containing one or more pure-nucleon intermediate states that lead to divergence of the perturbation expansion, while
those with intermediate states containing at least one pion obey the power counting rule. Accordingly Weinberg [5]
proposes to construct first the effective potential from those connected graphs of the T -matrix, that do not contain
any pure-nucleon intermediate state. Then the graphs with pure-nucleon intermediate states are summed over by the
Lippmann-Schwinger intergal equation for the T - matrix with this effective potential.
In this work we apply this procedure to find the effective mass of nucleon in nuclear matter. The one-loop formula
is long known [6], giving the mass-shift as the nucleon number density times a constant, depending on the parameters
of the effective Lagrangian to leading order. When expressed in terms of NN scattering lengths, this constant and
hence the mass-shift becomes too large to be acceptable.
What goes wrong with the one-loop result is clearly the approximation of the appropriate NN scattering amplitude,
that is present in the formula, by merely the s-wave scattering lengths. To improve this amplitude within the effective
theory, the Weinberg analysis suggests that we regard the constant NN amplitude as the effective potential to leading
order and solve the Lippmann-Schwinger equation for the complete amplitude. Replacing the constant amplitude in
the one-loop formula by this solution, we get a greatly reduced value for the effective nucleon mass. We also find the
effect of including phenomenologically the effective ranges in the formula [7].
We first derive in some detail the old result for the nucleon effective mass, using the real time formulation of field
theory in matter [8]. We begin with the ensemble average of the two-point function of nucleon currents [9]. It is
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2evaluated to one-loop with vertices from the effective Lagrangian [5], using the method of external fields[2]. The
nucleon pole term gives immediately the the effective mass to leading order in the usual power counting. (We also get
the residue at the pole, but it contains an unknown coupling constant.) The constant scattering amplitude contained
in it is then improved upon as described above.
In Sec.II we obtain the pieces of the effective Lagrangian, that will be needed in evaluating the one-loop graphs.
We use the Dirac, rather than the Pauli, spinor for the nucleon. The advantage of this relativistic treatment is the
clear separation of the vacuum and the density dependent parts of the nucleon propagator, the latter part containing
the on-shell delta-function. In Sec.III we evaluate the graphs to obtain the leading terms for the effective parameters
of nucleon in nuclear matter. We modify the mass shift formula in Sec.IV. Finally Sec.V includes some comments
on our work. In Appendix A we describe a dispersion integral method to obtain the density dependent contributions
from the one-loop graphs. The short Appendix B gives the result of partial wave expansion of the spin averaged NN
scattering amplitude in the forward direction.
II. CHIRAL LAGRANGIAN
We study the nucleon propagation in nuclear matter by analysing the two-point function of the nucleon current
η(x) [9], built out of three quark fields so as to have the quantum numbers of the nucleon. In this work we do not
need to spell out the form of this current; it suffices only to note its tranformation under the chiral symmetry group
SU(2)R × SU(2)L,
ηR → gRηR, ηL → gLηL, gR ∈ SU(2)R, gL ∈ SU(2)L, (2.1)
where the subscripts R and L on η denote its right- and the left-handed components, ηR,L =
1
2 (1± γ5)η.
To get the low energy structure of vertices with the nucleon current in the effective theory, we couple it to an
external (spinor) field f(x), thereby extending the original QCD Lagrangian L(0)QCD to
LQCD = L(0)QCD + fη + ηf. (2.2)
Writing in terms of R and L components,
fη = fRηL + fLηR,
we see that such a term is chirally invariant if the external fields f(x)R,L transform oppositely to η(x)R,L,
fR → gLfR, fL → gRfL . (2.3)
The transformation rules for the pion and the nucleon fields are known [2, 10]. One can define three different quantities
involving the pion triplet, namely U, u (u2 = U) and uµ = iu
†(∂µu)u
† transforming as,
U → gRUg†L,
u → gRuh† = hug†L,
uµ → huµh† , (2.4)
where h is an element of the unbroken subgroup, h ∈ SU(2)V . The nucleon field ψ(x) transforms according to the
isospin 12 representation of SU(2)V ,
ψ → hψ.
We can now construct the effective Lagrangian for the nucleon-nucleon system including pions in presence of the
external field f . Its terms may be put into three groups,
Leff = Lpiψ + Lψ4 + Lf , (2.5)
which we now write down one by one. Lpiψ is given by the familiar terms,
Lpiψ = F
2
pi
4
∂µU∂
µU † + ψ¯(i∂/−m)ψ + 1
2
gAψ¯u/γ5ψ . (2.6)
3Here gA is the constant (gA = 1.26) appearing in the neutron beta-decay. We choose the explicit representation
U = exp(iφaτa/Fpi), where φ
a are the hermitian pion fields (a = 1, 2, 3), τa, the Pauli matrices and Fpi, the pion
decay constant (Fpi = 93 MeV). In the following we do not need vertices with pion fields only.
The piece Lψ4 giving the leading quartic interaction of nucleons has been written by Weinberg as [5],
Lψ4 = −
CS
2
(N †N)2 − CT
2
(N †~σN)2 + · · · ,
where CS and CT are constants and N(x) is the Pauli spinor (and isospinor) for the nucleon and
′ · · ·′ refers to terms
with two and more derivatives. As we intend to work with the Dirac spinor ψ(x), we rewrite it as
Lψ4 = −
CS
8
{ψ¯(1 + γ0)ψ}2 − CT
8
{ψ¯(1 + γ0)~γγ5ψ}2 + · · · . (2.7)
In the piece Lf dependent on the external field, we need two couplings, namely, that are linear and cubic in ψ,
Lf = Lfψ + Lfψ3 .
Using the above transformation rules, the piece linear in ψ may be written as
Lfψ = λ(ufR)ψ + λ′(u†fL)ψ + h.c.
=
λ
2
f(1− γ5)u†ψ + λ
′
2
f(1 + γ5)uψ + h.c., (2.8)
where invariance under parity requires λ = λ′. Following the construction of Lψ4 , we write the other piece as
Lfψ3 =
AS
4
ψ¯(1 + γ0)ψf(1 + γ0)ψ +
AT
4
ψ¯(1 + γ0)~γγ5ψf(1 + γ0)~γγ5ψ + h.c. (2.9)
Two other possible non-derivative terms involving ~τ do not appear here for the same reason as they did not in Eq.(2.6),
namely that the anticommutativity of the nucleon field allows each of these terms to be written as linear combinations
of the two terms written above. Clearly here also there are terms with two or more derivatives on the nucleon field.
III. ONE-LOOP FORMULA
We start with the ensemble average of the two-point function of nucleon currents in symmetric nuclear matter,
Π(q) = i
∫
d4xeiqx〈Tη(x)η¯(0)〉, (3.1)
where for any operator O, 〈O〉 = Tr [ρO] /T rρ , ρ = e−β(H−µN), H being the Hamiltonian of the system, β the
inverse of temperature and N the nucleon number operator with chemical potential µ. In general, we deal here with
functions of two variables, namely q0 ≡ E and |~q|.
In the real time version of quantum field theory in a medium, the two point function assumes the form of a 2 × 2
matrix. But the dynamics is given essentially by a single analytic function, that is determined by the 11-component
itself. Denoting the 11-component of the matrix amplitude by F11(E, ~q), the corresponding analytic function F (E, ~q)
has the spectral representation in E at fixed ~q [8],
F (E, ~q) =
1
π
∫
coth(β(E′ − µ)/2)ImF11(E′, ~q)
E′ − E − iE′ǫ dE
′. (3.2)
where the integral runs over cuts of F11(E, ~q).
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FIG. 1: Free propagator and one loop Feynman graphs for the two point function in the low energy region. The wavy line
represents the nucleon current, while the continuous and the dashed internal lines are for nucleon and pion propagation.
The simplest example of a two-point function in nuclear medium is, of course, the free nucleon propagator. Its
11-component is given by [11], 1
1
i
S(p)11 ≡
∫
d4xeipx〈Tψ(x)ψ¯(0)〉11 = (p/+m)
[
i
p2 −m2 + iǫ −
{
n−(ωp)θ(p0) + n
+(ωp)θ(−p0)
}
2πδ(p2 −m2)
]
,
(3.3)
where n∓ are the distribution functions for nucleons and antinucleons, n∓(ωp) =
{
eβ(ωp∓µ) + 1
}−1
, ωp =
√
m2 + p2.
The corresponding analytic function S(p), as given by Eq. (3.2) is
S(p) = −(p/+m) 1
p2 −m2 + iǫ ,
which is independent of n∓ and identical to the free propagator in vacuum.
In the following we shall work in the limit of zero temperature, when the distribution functions become, n− →
θ(µ− ωp), n+ → 0. Then the nucleon number density, n is given by
n = 4
∫
d3p
(2π)3
θ(µ− ωp) = 2p
3
F
3π2
,
where pF is the Fermi momentum related to the chemical potential µ by µ
2 = m2 + p2F . We want to calculate the
density dependent part of Π(q) in the low energy region to first order in n. To this end we draw all the Feynman
graphs with one loop containing a nucleon line. In addition to the single nucleon line forming a loop, we include also
the loop containing an additional pion line to account for singularities with the lowest threshold. They are depicted
in Fig. 1 along with the free propagator graph (a).
1 Going over to the non-relativistic limit and omitting anti-particle contribution, it reduces to the more familiar form [12],
−S11(p) =
θ(p − pF )
p0 − ωp + iǫ
+
θ(pF − p)
p0 − ωp − iǫ
,
where the vacuum and the medium contributions are mixed up.
5Before we work out the graphs, it is possible to simplify the piece Lfψ3 in the Lagrangian, needed for vertices in
graphs (c) and (d) of Fig.1. As two of the nucleon fields are contracted at the vertex itself, we can do so already in
Lfψ3 and retain only the density dependent part in the contraction.Thus referring to Eq.(2.2), we get from Eqs. (2.8
- 9) the complete expression for η to leading order in the effective theory as,
η = λ
{
1 +
iπ · τ
2Fpi
γ5 + ζ n(1 + γ0)
}
ψ, ζ =
3
8λ
(AS −AT ). (3.4)
We shall work at ~q = 0, when the free propagation graph (a) takes the form
Π(E)(a) = λ
2S(E) = − λ
2
E −m+ iǫ
1
2
(1 + γ0), (3.5)
in the vicinity of the nucleon pole. We now calculate the corrections to it produced by the rest of the graphs.
To evaluate the self-energy diagram (b), we rewrite the four-nucleon interaction term given by Eq. (2.6) conveniently
as
Lψ4 = −
1
8
∑
i=S,T
CiΓ
i
ABΓ
i
CD(ψ¯AψB)(ψ¯CψD), (3.6)
where ΓS = (1 + γ0) and Γ
T = (1 + γ0)~γγ5. Then the two point function for this diagram is given by
Π(E)(b) = −λ2S(E)σS(E). (3.7)
Here the self-energy σ is a constant given by
σ = − i
4
∑
i=S,T
Ci
∫
d4p
(2π)4
{−2tr(S(p)11Γi)Γi + ΓiS(p)11Γi}, (3.8)
where the tr(ace) is over γ-matrices. On inserting the density dependent part of S11 from Eq. (3.3), σ can be
immediately evaluated to give
Π(E)(b) = −
3λ2
4
(CS − CT )n 1
(E −m)2
1
2
(1 + γ0). (3.9)
Note the absence of a simple pole in this contribution. From the constant vertex graphs (c) and (d), we get
Π(E)(c)+(d) = −4λ2ζ n
1
E −m
1
2
(1 + γ0). (3.10)
The graph (e) has the two-particle (π and N) intermediate state. It is evaluated in detail in Appendix A. As
expected, it does not give rise to a pole at E = m. Following similar steps, we get the contribution of the remaining
graphs as
Π(E)(f)+(g) =
3λ2gAn
16mF 2pi
1
E −m
1
2
(1 + γ0) + · · · , (3.11)
Π(E)(h) = −
3λ2g2An
16F 2pi
1
(E −m)2
1
2
(1 + γ0) + · · · (3.12)
where the ellipses denote non-pole terms. Again observe that the graph (h) does not give rise to a simple pole.
Collecting the results for the simple and the double poles at E = m, we find the vacuum pole (3.5) to be modified
in nuclear medium to
− λ
∗2
E −m∗ + iǫ
1
2
(1 + γ0),
where
λ∗ = λ
{
1−
(
3gA
8mF 2pi
− 2ζ
)
n
}
, (3.13)
m∗ = m+
3
4
(
CS − CT + g
2
A
4F 2pi
)
n (3.14)
The constant (CS − CT ) can be related directly to experiment, but no such relation appears to exist for ζ. As is
known already [6] and we shall also see below, the formula for m∗ is unacceptable at normal nuclear density.
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FIG. 2: Nucleon-nucleon scattering amplitude in the tree approximation.
IV. MODIFIED FORMULA
If we note that the nucleon mass-shift formula (3.14) is given by graphs (b) and (h) of Fig.1 and recall the presence
of the mass-shell delta-function in the density dependent part of the nucleon propagator (3.3), it is easy to guess that
the coefficient of n¯ in this formula must be related to some on-shell NN scattering amplitude at threshold. To obtain
the actual relation, we evaluate the scattering amplitude in the same chiral Lagrangian framework as that Sect. II.
In the tree approximation the contributing Feynman graphs are shown in Fig.2.
We choose to calculate the spin averaged amplitude in the forward direction,
M(p1, p2 → p1, p2) = 1
4
∑
σ1,σ2
M(p1, σ1; p2, σ2 → p1, σ1; p2, σ2) .
The propagating nucleon, say, a proton, may scatter with a proton or a neutron in the medium. Thus the isospin
structure of M in a symmetric medium must be given by
M =Mpp→pp +Mpn→pn .
With this spin and isospin structure, the amplitude M as calculated from the graphs of Fig.2 is (Q = p2 − p1),
M = 12
∑
i=S,T
Ci{−trΓi(p/1 +m)Γi(p/2 +m) + 2trΓi(p/1 +m) · trΓi(p/2 +m)}
+
3
4
(
gA
2F 2pi
)2
tr(p/1 +m)Q/γ5(p/2 +m)Q/γ5/(Q
2 −m2pi)
= − 6m2
{
(CS − CT ) (E1 +m)(E2 +m)
4m2
+
g2A
4F 2pi
}
, (4.1)
E1 and E2 being the energies of the two nucleons. (The graph (b) in Fig.2 does not contribute to M .) Thus at
threshold M involves the same combination of constants as those in Eq.(3.14) for m∗.
As shown in Appendix B, the amplitude M at threshold can be expressed in terms of the s-wave spin-singlet and
-triplet scattering lengths a1 and a3 to get
m∗ −m = 3π
2m
(a1 + a3)n . (4.2)
With their experimental values as quoted in the Appendix and at normal nuclear density (pF = 1.36 fm
−1), it gives
m∗ −m = −620 MeV [6], which is unacceptably large.
To look for the source of the problem, it is suggestive to rewrite (3.14) and (4.2) as
m∗ −m = − 1
m
∫ pF
0
d3p
(2π)32m
{
−6m2
(
CS − CT + g
2
A
4F 2pi
)}
= − 1
m
∫ pF
0
d3p
(2π)32m
{−12πm(a1 + a3)} (4.3)
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FIG. 3: Nucleon mass shift in nuclear matter as a function of Fermi momentum. The dashed and the solid curves are drawn
with amplitudes f
(1)
i (k) and f
(2)
i (k) respectively.
FIG. 4: Nucleon mass shift in nuclear matter as a function of Fermi momentum.
At this point we recall Weinberg’s method for the two-nucleon amplitude. The constants in the curly brackets
in the integrands above represent the scattering amplitude in terms of the s-wave scattering lengths. Clearly this
approximation is too bad in the low energy region, as it does not reproduce the nearby poles due to the bound and
virtual states. But we can treat these constants as effective potentials (to lowest order) and solve the Lippmann-
Schwinger equation with it to get a better representation of the partial wave amplitudes. As Weinberg himself shows
[5], the solution in this case turns out to be the unitarized version of the potential. Accordingly we replace the
constants by the corresponding momentum dependent amplitudes satisfying (elastic) unitarity,
− ai → f (1)i (k) =
(
− 1
ai
− ik
)−1
, i = 1, 3 . (4.4)
Here k is the centre-of-mass momentum, to be distinguished from p, which is the momentum of the in-medium nucleons
in the rest frame of the nucleon under consideration, the two being related by k2 = m(
√
m2 + p2 −m)/2.
An even better approximation of the scattering amplitude is the effective range approximation, that would result
from including derivative terms in the effective theory [7]. The corresponding replacement would read
− ai → f (2)i (k) =
(
− 1
ai
+
1
2
rik
2 − ik
)−1
, i = 1, 3 , (4.5)
where r1,3 are the effective ranges in the spin-singlet and -triplet s waves. Without trying to relate the effective ranges
to the coupling constants of the higher order terms in the effective Lagrangian, we shall take their values as well as
those of the scattering lengths from experiment.
We thus get both the real and the imaginary parts of the pole position as,
m∗ − i
2
γ = m− 6π
m
∫ pF
0
d3p
(2π)3
{f1(k) + f3(k)} . (4.6)
where fi(k) stands for f
(1)
i (k) or f
(2)
i (k), according as we choose the replacement (4.4) or (4.5). The width γ is to
be interpreted as the damping rate of excitations with quantum numbers of the nucleon. The numerical evaluation
of Eq.(4.6) is shown in Figs. 3 and 4. In normal nuclear matter, we get △m ≡ m∗ −m = −33 MeV and γ/2 = 110
MeV, with amplitudes in the effective range approximation (solid curves in Figs.3 and 4).
Our results may be compared with those in the literature. There have been a number of calculations of the nucleon
spectral function in terms of the (off-shell) NN scattering amplitude evaluated with available NN potentials. We pick
out from these works the real and the imaginary parts of the on-shell nucleon self-energy in normal nuclear matter at
zero three momentum. Thus Baldo et al [13] give △m = −55 MeV, γ/2 = 63 MeV (as reproduced in [16]). Benhar et
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FIG. 5: Nucleon width in nuclear matter as a function of Fermi momentum. The dashed and the solid curves are drawn with
the same amplitudes as in Fig.3.
al give △m = −68 MeV, γ/2 = 16 MeV. Jong et al give △m = −65 MeV, γ/2 = 25 MeV. Also a phenomenological
determination of the width in terms of the differential cross-section for the NN scattering gives γ/2 > 25 MeV [16].
Finally we compare with a calculation by us [17] based on the virial formula for the nucleon pole position, which gives
△m = −37 MeV, γ/2 = 112 MeV.
V. DISCUSSION
The spectral function of nucleon in nuclear matter depends on the interaction in a two-nucleon system. To treat
this interaction in the framework of effective chiral field theory [5], one has to derive first the effective potential from
the effective Lagrangian and then solve the dynamical equation with this potential. In this way one can restore the
otherwise invalid power counting rule and accomodate at the same time the singularities of the scattering amplitude
in the low energy region.
The failure of the earlier calculation of the effective nucleon mass [6] may now be understood in this framework as
due to representing the two-nucleon scattering amplitude by the (leading term of the) effective potential itself. In this
work we proceed further to carry out the next dynamical step, replacing the potential by the unitarised scattering
amplitude. By including the effective range terms in the s-wave amplitudes, we actually include the next-to-leading
order terms also in the effective potential.
It will be noted that our mass-shift and width formulae do not involve any Pauli blocking effect, our improved
scattering amplitude being still in vacuum and not in medium. An estimate of this effect can be made from the work
of Ref. [18], where one finds a change of about 20% in the value of the potential energy per nucleon in nuclear matter,
when the Pauli projection operators are withheld from the calculation. Incidentally, the phenomenological formula
for the width in Ref.[16] involves the differential cross-section in vacuum, the Pauli blocking factors appearing only
for the final nucleons. Such factors, however, do not appear in our formula, as it depends on the forward scattering
amplitude, where the final particles occupy the states vacated by the initial ones.
The formula (4.6) bears a close resemblance to the one obtained from the virial expansion of the nucleon self-energy
to first order [19]. In the virial formula, it is the full (spin averaged) forward amplitude that appears in the integral,
which was evaluated in Ref.[17] using the phase shift analysis of experimental data on NN scattering [20], while the
integral here includes only the part of this amplitude corresponding to s-waves in the effective range approximation.
But in the low energy region over which the integrals are evaluated, this approximation for the s-waves agrees well
with the phase shift analysis. Further, the higher partial waves contribute negligibly to the virial formula. We thus
expect the close agreement of the present results with those from the virial formula, stated at the end of the previous
Section.
9appendix A
Here we describe a method to evaluate the density dependent part of the amplitude for the one-loop graphs. In this
method we calculate the imaginary part of the Feynman amplitude and construct its real part by a dispersion integral
over it. Since we exclude the vacuum contribution and consider only the density dependent part, no subtraction
is necessary for these integrals. The same result can be obtained in a simpler way by retaining only the density
dependent part of the nucleon propagator in the amplitude and using the mass-shell delta function in it to integrate
out the energy component of the four-momentum. But the dispersion method is more transparent in that it shows
the cut structures, where the contributions come from.
We now evaluate graph (e) of Fig.1 in some detail, it being the prototype of all other graphs. It has the amplitude
Π(q)(e) = −
3λ2
4F 2pi
Γ(q) (A.1)
where
Γ(q)11 = i
∫
d4xeiq.x
1
i
D(x)11γ5
1
i
S(x)11γ5. (A.2)
Due to the presence of θ(±p0) in Eq.(3.3) for S(p)11, it is not convenient to transform the amplitude in momentum
space. Instead we integrate out the p0 variable in S(x)11 itself, getting
1
i
S(x)11 =
∫
d3p
(2π)32ωp
[ {
(p/ +m)(1− n−)e−ip.x + (p/ −m)n+eip.x} θ(x0)
− {(p/ +m)n−e−ip.x + (p/−m)(1 − n+)eip.x} θ(−x0)
]
, p0 ≡ ωp . (A.3)
The analogous expression for the pion propagator is
1
i
D(x)11 =
∫
d3k
(2π)32ωk
[ {
(1 + n)e−ik.x + neik.x
}
θ(x0) +
{
ne−ik.x + (1 + n)eik.x
}
θ(−x0)
]
, k0 ≡ ωk (A.4)
where n is the pion distribution function, n = (eβωk − 1)−1, ωk =
√
m2pi + k
2. Though n+(ωp) and n(ωk) are zero
for the medium we are interested in, we retain them at this stage for generality and symmetry.
With these expressions for the propagators, we may carry out both the x0 and ~x integrations in Eq.(A.2) giving
the energy denominator and the 3-momentum delta function respectively. The imaginary part may now be read off
and put in the form,
ImΓ(q)11 = π tanh(β(q0 − µ)/2)ImΓ(q), (A.5)
where
ImΓ(q) = −
∫
d3p
(2π)32ωp
∫
d3k
(2π)32ωk
(p/−m)
{
(1− n− + n)δ(4)(q − p− k) + (n− + n)δ(4)(q − p+ k)
}
. (A.6)
Here the first term corresponds to η → πN and the second to η+π → N , giving rise respectively to the discontinuity
across the unitary and the ‘short’ cuts [21]. With q0 = E and for ~q = 0, at which we work, these cuts extend in the
E-plane over E ≥ m+mpi and 0 ≤ E ≤ m−mpi. Note the opposite sign before n− in the two terms.
The complete result for ImΓ has also another piece given by
−
∫
d3p
(2π)32ωp
∫
d3k
(2π)32ωk
(p/+m)
{
(1− n+ + n)δ(4)(q + p+ k) + (n+ + n)δ(4)(q + p− k)
}
,
which is non-zero for E < 0 only and has no term proportional to n−. Clearly this observation does not depend on
the structure of vertices in the loop diagrams. We thus have the general result that there is no spectral function to
one loop for E < 0 in a medium with nucleons only.
The 3- momentum integrations in Eq.(A.6) can be carried out immediately to get
ImΓ(E) = ±f(E)
E
, f(E) =
√
ω2 −m2
8π2
(γ0ω −m)n−(ω), (A.7)
10
where ω = (E2+m2−m2pi)/2E is the nucleon energy ωp, as restricted by the delta functions. The ± signs correspond
to the unitary and the short cuts respectively. Inserting this result in Eq.(3.2), we get the spectral representation for
Γ(E),
Γ(E) =
∫ ∞
m+mpi
dE′f(E′)
E′(E′ − E) −
∫ m−mpi
0
dE′f(E′)
E′(E′ − E) . (A.8)
The range of the second integral can be mapped on to that of the first by the inverse transformation E′ → (m2 −
m2pi)/E
′. Noting that ω and hence f(E) is form invariant under this transformation, we have
Γ(E) =
∫ ∞
m+mpi
dE′
E′
f(E′)
(
1
E′ − E −
1
(m2 −m2pi)/E′ − E
)
. (A.9)
Once we are on the unitary cut, the kinematics is determined by the first δ-function in Eq.(A.6). For ~q = ~0, it gives
E′ =
√
m2 + p2 +
√
m2pi + p
2, (A.10)
so that E′ and p are the total energy and the 3-momentum in the centre-of-mass frame of the intermediate πN system.
The distribution function restricts the upper limit of the integral to the energy given by Eq.(A.10) with p replaced
by the Fermi momentum pF . Now setting mpi = 0, Eq.(A.9) gives Γ to leading order as
Γ(E) = − 1
4π2
∫ pF
0
dp p2
(E −m)2 − p2 (1− γ0) , (A.11)
which is finite at E = m.
appendix B
The result (4.1) corresponds to s-wave amplitudes. To get the exact combination of these amplitudes, we recall the
partial wave analysis of M . Following the usual convention, we write it in the center-of-mass system as
M = 8πW
(
3
2
f
(I=1)
(k) +
1
2
f
(I=0)
(k)
)
, (B.1)
where W and k are the total energy and momentum in the c.m. frame. Each of the isospin amplitudes above has the
partial wave expansion [22],
f
(I)
(k) = 2.
1
4
∑
j,s,l
(2j + 1)f Ijsl,l (k) . (B.2)
Here the factor 2 is due to the identity of the scattering particles. The total angular momentum j is obtained by
coupling the total spin and orbital angular momenta s and l. In general, f Ijs is a 2 × 2 matrix in l space, whose
diagonal elements enter the sum in Eq.(4.3). The quantum numbers of the partial wave amplitudes are governed by
the antisymmetry of the total wave function,
(−1)l · (−1)1−s · (−1)1−I = −1 .
Thus in the s-wave approximation, Eq.(4.2) reduces to
M = 6πW{f1(k) + f3(k)} threshold−→ −12πm(a1 + a3), (B.3)
where f1,3 are the spin singlet and triplet s-wave amplitudes and a1,3, the corresponding scattering lengths. Exper-
imentally a1 = −23.74 fm and a3 = 5.31 fm [23]. We also need the experimental values for the effective ranges,
r1 = 2.7 fm and r3 = 1.70 fm [23].
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